It is well known that a direct Lagrangian description of radiation damping is still missing. In this paper a specific approach of this problem was used, which is the standard way to treat the radiation damping problem. A N = 2 supersymmetric extension for the model describing the radiation damping on the noncommutative plane with electric and magnetic interactions was obtained. The entire supercharge algebra and the total Hamiltonian for the system were analyzed. Finally, noncommutativity features were introduced and its consequences were explored..
I. INTRODUCTION
An underlying feature of all charged particles is that an accelerated charged particle radiate electromagnetic energy. During this process, the recoil momentum of the emitted photons is equivalent to a reaction force relative to the self-interaction of the particle with its own electromagnetic field which creates the radiation damping [1] [2] [3] .
The analysis of dissipative systems in quantum theory has a great interest and relevance either because of fundamental reasons [4] or because of its applications in our real world [5] [6] [7] [8] [9] . The explicit time dependence of the Lagrangian and Hamiltonian operators introduces a major difficulty in this study since the canonical commutation relations are not preserved in time. Different approaches have been used in order to apply the canonical quantization scheme to dissipative systems [10] [11] [12] [13] [14] [15] .
Another way to handle with the problem of quantum dissipative systems is to enlarge the target's phase-space in a way that we will have to deal with an effective isolated system composed by the original system plus its time-reversed copy [16] [17] [18] . The new degrees of freedom thus introduced may be represented by a single equivalent (collective) degree of freedom for the bath, which absorbs the energy dissipated by the system. In order to implement a canonical quantization formalism, we must first double the dimension of the target phase-space. The objective of this procedure is to obey the canonical quantization scheme, which requires an effective isolated system.
To study the quantum dynamics of an accelerated charge, we have to use indirect representations since the energy, the linear momentum and the angular momentum that are all carried by the radiation field are lost. The consequences concerning the motion of the charge are known as radiation damping (RD) [1] .
The reaction of a classical point charge to its own radiation was first discussed by Lorentz and Abraham more than a hundred years ago [2, 3] . There are two interesting aspects of the Abraham-Lorentz theory: the self-acceleration and pre-acceleration.
Self-acceleration indicates the classical solutions, where the charge is under acceleration even in the absence of an external field. Pre-acceleration means that the charge begins to accelerate before the force begins to act.
A complete description of radiation damping is still missing. Hence, in this paper we have discussed some aspects of RD framework concerning algebraic noncommutativity and supersymmetry, as well as the relative resulting physics, of course. Notice that to talk about these issues in a RD system is very difficult because we have to deal with two systems (the particle and the reservoir) and consequently both mathematical and physical features are not trivial, as we will see.
In this work we have introduced a N = 2 supersymmetric extension for the RD model in addition to the N = 1 supersymmetric version introduced in [19, 20] . We have used the nonrelativistic (2 + 1)-dimensional pseudo-Euclidean space model describing the RD (represented by the equation (2) below) on the noncommutative (NC) plane which introduced an interaction term into the free model through the N = 2 superfield technique.
As we said just above, it is important to notice that in fact there are two phase-spaces considered here. The first one is where the RD occurs and the second one is the doubled phase-space where the details and the relevance will be described in section II and in the references quoted there. It is in this doubled phase-space that we have carried out the considerations described in this work, i. e., noncommutativity and N = 2 supersymmetry.
For example, concerning only the noncommutativity issue, it can be shown easily that the original space is commutative whereas in this doubled phase-space we will show precisely in this paper that it is NC. We hope that our work can bring some light on the understanding of this extended space.
The organization of this paper is: in section 2 we will carry out a very brief review of the mechanical model with a Chern-Simons term developed in [21] and its Galilean-symmetric version, i.e., the LSZ model. In section 3 we will present a symplectic structure for the model in order to introduce the noncommutativity through the variables used in [22, 23] . In section 4 we will show the supersymmetric extension of the model, the supercharges and a supersymmetric version through the Hamiltonian formalism. The conclusions and perspectives are described in the last section.
II. THE MODEL
The LSZ model. In [21] the authors have introduced a nonrelativistic classical mechanics for the free particle model which is quasi-invariant under D = 2 Galilei symmetry as
where κ has dimensions of mass × time. It can be shown [21] (by following the methods of ref. [24] ) that this Lagrangian is quasi-invariant. The model (1) does not have a usual Galilei symmetry. We can describe it by the exotic, two-fold centrally extended Galilei symmetry with non-commutating boosts. It was analyzed carefully in [21] and later in [25] . The authors in [21] have demonstrated that the model describes the superposition of a free motion in an NC external and an oscillatory motion in an NC internal space. A N = 2 supersymmetric extension of (1) was accomplished in [26] which analyzed particles in the NC space with electric and magnetic interactions. A supersymmetrization of (1) was firstly obtained in [27] . Other considerations can be found in [28] .
The radiation damping model. In [20, 29] another point of view concerning the study of RD [1, 30, 31] was presented, where it was introduced a Lagrangian formalism in two dimensions given by
where ε ij is the Levi-Civita antisymmetric tensor and g ij is the metric for the pseudoEuclidean plane [32] which is given by
We are using the Einstein sum convention for repeated indices. The model (2) was shown to have (1+1)-Galilean symmetry. The dynamical group structure associated with the system is SU(1,1) [29] . The supersymmetrization N = 1 of (3) was studied in [33] . The Lagrangian (2) describes, in this pseudo-Euclidean space, a dissipative system of a charge interacting with its own radiation, where the 2-system represents the reservoir or heat bath coupled to the 1-system [19, 20] . It shows that the dissipative term, as a matter of fact, acts as a coupling term between both the 1-system and the 2-system in this space.
Specifically, we have a system formed by the charge and its time-reversed image, that globally behaves like a closed system described by equation (2) .
Notice that the Lagrangian (2) is similar to the one discussed in [21] (action (1)), which is a special nonrelativistic limit of the particle with torsion [34] . However, in this case we have a pseudo-Euclidean metric and the RD constant (γ) which acts as a coupling constant of a Chern-Simons-like term. The RD constant γ plays the same mathematical role of the "exotic" parameter κ in (2) [21, 26] . However, there is an underlying physical difference between both γ and κ.
It is important to reinforce that the difference between the results that will be obtained here and the ones in [27] is that, besides the metric, the physical systems are different. The RD constant γ is not a simple coupling constant. It depends on the physical properties of the charged particle, like the charge e and mass m which are related to the objects in its equation of motion. This last one depicts an interaction between the charge and its own radiation field.
III. NONCOMMUTATIVITY
The analysis of NC geometry and its applications in physics requires a great amount of time since it has many implications in several subjects such as quantum mechanics, high energy physics and condensed matter [35] . As an example we can briefly describe the planar systems of condensed matter that deal with a perpendicular magnetic field and becomes itself NC in the lowest Landau level [35] . Besides, the NC parameter can be identified with the inverse of the magnetic field. The study of NC theories has received a special attention through the last years thanks to the possibility that noncommutativity can explain the physics of the Early Universe. It has been used in many areas of theoretical physics [36] , classical mechanics [37] , cosmology [38] and Lorentz invariance [39] .
Let us introduce a Lagrangian multiplier which connectsẋ to z and after that we will substitute all differentiated x-variables in the Lagrangian (2) by z-variables, one can construct a first-order Lagrangian
where the equations of motion can be written through the symplectic structure [40] , as
and the symplectic two form is
where
and g was given in Eq. (3) and 0 denotes the 2 × 2 null matrix. H(ξ l ) is the Hamiltonian and ξ i are the symplectic variables. Let us use a modified version of the variables introduced in [22, 23] as
We can consider that our Lagrangian can be divided in two disconnected parts in order to describe the "external" and "internal" degrees of freedom. So,
and
The internal coordinates, Q, and the external ones, X, do not depend on each other [22] and we can see that they do not commute. The respective nonvanishing Poisson brackets are
where we can see clearly that the RD constant acts as the NC parameter that appears in the canonical NC approach. Hence, we can conclude the presence of RD constant in any result from now on is a consequence of the NC effect. Now we will introduce an interaction term into the "external" sector (equation (10)) which does not modify the internal sector and it is represented by a potential energy term U(X) involving NC variables, as follows
This result leads us to a deformation of the constraint algebra since the constraint now involves a derivative of the potential [29] .
Notice that the Lagrangian in Eqs. (10), (11) and (13) are formed by objects that show a NC algebra described in Eq. (12) . The standard NC procedure is to recover the commutative algebra in (12) using the so-called Bopp shift
where the hat defines a NC variable. Substituting (14) into (12) we will have that {x i , x j } = 0. The same can be made with Q i so that
wherep i = p i and P i =P i and consequently {p i , p j } = {P i , P j } = 0. Substituting (14) and (15) into the Lagrangians (10), (11) and (13) results in a Lagrangian defined in NC phase-space. The NC effect of (8) is to separate the sectors, i.e., the external and internal ones. Namely, the RD NC effect was to promote, from D = 2 phase-space RD scenario, the analysis of D = 1 dissipative dynamics.
IV. THE N = 2 SUPERSYMMETRIC MODEL
In [41] it was constructed the supersymmetric extension of the LSZ model in Eq. (2) in the NC plane. An entire SUSY investigation was carried out and its N = 2 extension was provided in [26] where interesting physical results were obtained. The objective of this section is to construct the N = 2 framework for RD in a NC plane since its N = 1 was accomplished in [33] . In this way our starting point is the Lagrangian in Eq. (13) .
To obtain the supersymmetric extension of the model described by the Lagrangian (13), we will use a Grassmannian variable that will be connected with each commuting space coordinate which represents the system degrees of freedom. We are considering only N = 2 SUSY for a non-relativistic particle, which is described by the introduction of two real Grassmannian variables Θ andΘ (the Hermitian conjugate of Θ) in the configuration space, but all the dynamics is parametrized by the time t [42, 43] .
Let us carry out the Taylor expansion for the real scalar supercoordinate as
and their canonical supermomenta
which under the infinitesimal supersymmetry transformation laws δt = iǭθ + iǭΘ, δΘ = ǫ and δΘ =ǭ,
where ǫ is a complex Grassmannian parameter. We can also write that
where both Q andQ are the two SUSY generators
In terms of (X i (t), P i (t), F i , f i ), the bosonic (even) components and (ψ i (t),ψ i (t), η i (t)), the fermionic (odd) components, we can obtain the following supersymmetric transformations,
The super-Lagrangian for the super point particle with N = 2, which is invariant under the transformations (22) and (23), can be written as the following integral (we have used for simplicity that m = 1)
where D is the covariant derivative (D = ∂ Θ − iΘ∂ t ) andD is its Hermitian conjugate. The superpotential U[X ] is a polynomial function of the supercoordinate Let us expand the superpotential U[X ] in Taylor series and if we maintain ΘΘ (because only these terms survive after integrations over Grassmannian variables Θ andΘ), we have that
where the derivatives
are such that Θ = 0 =Θ, which are functions only of the X(t) even coordinate. Substituting equation (25) into equation (24), we can write, after integrations thatL
which is the complete Lagrangian for N = 2. The bosonic component F i is not a dynamic variable. In this case, using the EulerLagrange equations for the auxiliary variables f i and F i , we obtain that
where we have to eliminate the variable f i as well as its derivative in F i . Now, if we substitute (27) and (28) into (26) the auxiliary variables can be completely eliminated, hencē
Note that, as in [26] , we can rewrite equation (29) as
which is invariant under standard gauge transformations A µ → A ′ µ = A µ + ∂ µ Λ, where
where both can be identified in [26] with the scalar potential A 0 (in this case we have a pseudo-Euclidean metric) and the vector potential A k . Notice that both potentials above are not independent. The vector potential introduces a magnetic field B = ε ij ∂ i A j given by
where we can see that the noncommutativity introduced by the parameter γ generates both a constant magnetic field [26] and an electric field given by E i = ∂ i A 0 which can be written as
The Euler-Lagrange equations, in this case, are
where E i and B are the electric and magnetic field, respectively, and
is an effective mass. Notice that noncommutativity introduces a correction term in order to obtain an effective mass for the system. However, this way of introducing electromagnetic interaction modifies the symplectic structure of the system which determines the NC phase-space geometry, for the bosonic sector, equation (12), we have
where we have the value eγB = 1 in order to avoid a singularity [44, 45] . Notice that the algebra in (36) is different from the one in (12) where the momenta commute. In other words, the noncommutativity introduces a new NC algebra to the system besides the modification in the old one.
Concerning the fermionic sector, the Euler-Lagrange equations are
for the fermionic variables (η,η). For the fermionic variables (ψ i ,ψ i ) the Euler-Lagrange equations are
where the fermionic variables (ψ i ,ψ i ) do not have dynamics. So, analogously to [26] we have here that noncommutativity have introduced electric and magnetic fields into the system. In the case of RD, studied here, described in an NC hyperbolic phase-space, the movement of a charged particle have an extra electromagnetic energy that did not appear in an N = 1 SUSY analysis [33] . This result agrees with the fact that noncommutativity does not change the physics of the system. However, we understand that this electromagnetic energy is an extra one due to the NC feature of the phase-space. This result is also different, as it should be expected, from the one obtained in [26] where only a magnetic interaction appear.
A. The harmonic oscillator solutions
In order to obtain an interesting solution of equations (35) let us consider a specific form for the superpotential
which has clearly an harmonic-like form.
It is easy to see that in both equations (35a) and (35b) the last term that have three derivatives disappear and so we have two new equations that show the separation of both the fermionic and bosonic sectors, so that,
Computing a second time derivative of equation (40a) and using (40b) we have that m * Ẍ i = e g ij ǫ jlẊl B + e g ij E j − e γ ǫ ijĖj (41) and this differential equation will disclose a very well known result. From (31), (32) and (39), we can write that,
Substituting these equations into (33) and (34) we have that
and finally, substituting these both equations into (41) it is easy to show thaẗ
which is the equation of a damped harmonic oscillator. We can see clearly that the secondterm of (45) represents a dissipative force proportional to the velocity and in the last term of (45), we have that
1 − γ 2 ω 2 e can be seen as the natural frequency of this oscillator, ω 0 . Notice that the RD constant is responsible for the dissipative force and it also affects the frequency. The instantaneous rate of energy of the oscillator in (45) can be written as
so that the RD constant also affects the energy rate. Notice that when γ = 0 we have the standard and well known results. We have also that γ 2 ω 2 e = 1, obviously. If we have the metric in (63) and we use the pseudo-Euclidean plane given in (4), we can see that the second term in (45) disappears and we have thaẗ
, which is the equation for the standard harmonic oscillator that has the standard solutions. However, the difference is the NC contribution.
From (45) we can see that, since there is not a term which has three derivatives of X, one can conclude that in the NC space, the non-physical solutions, namely the pre-acceleration solutions (for ... X ), do not exist.
B. The supercharge algebra
Now, from the supersymmetric transformations, equations (22) and (23), and the Lagrangian (30), we can compute the supercharge algebra, through the Noether's theorem. The results for the charge operator are given by
The supercharge algebra is {Q, Q} = {Q,Q} = 0 ,
Moreover, we can easily carry out a canonical calculation of the Hamiltonian and we obtain that
where the bosonic Hamiltonian H b is given by
and the fermionic part H f can be written as
Note that the second term in H b is proportional to the scalar potential, equation (31), i. e., there is a potential energy term in H b . We can say that the origin of this term is related to the electric field.
There is an alternative way to introduce the minimal electromagnetic interaction. It can be accomplished through the transformation P i → P i = P i + eA i (X i , t) in the Hamiltonian that keeps the symplectic structure of equation (12) . In [26] this transformation has been considered and the authors have obtained the same expression for the magnetic field equation (33) .
V. REMARKS AND CONCLUSIONS
A fundamental property of all charged particles is that the electromagnetic energy is radiated whenever they are accelerated. The recoil momentum of the photons emitted during this process is equivalent to a reaction force corresponding to the particle self-interaction with its own electromagnetic field, which originates the RD.
Here the supersymmetric model was separated in two parts, namely, "external" and "internal" degrees of freedom of the supersymmetric model in terms of the new variables, where the RD constant introduced noncommutativity into the coordinate sector. We have shown a way to introduce an electromagnetic coupling.
We have calculated the supersymmetric N = 2 extension of the RD model. We have demonstrated that the noncommutativity introduced by the parameter generated a constant magnetic field. With this result, combined with the electric field we have obtained a general expression for the damped harmonic oscillator which results in the standard harmonic oscillator in our pseudo-Euclidean space. We have seen that in the NC space, the non-physical solutions, namely the pre-acceleration solutions, have disappeared. After that, we have computed the supercharges algebra and the total Hamiltonian of the system, which was divided into two parts: bosonic and fermionic.
A perspective for future analysis is to study some typical problems of dissipative systems, like self-acceleration and pre-acceleration, for example. To accomplish this, in our N = 2 supersymmetric case, we have to analyze the Euler-Lagrange equations (35) , (37) and (38) .
